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Abstract:  This paper deals with the topology optimization of strut-and-tie models in non-flexural reinforced 
concrete members by using the Evolutionary Structural Optimization (ESO) method for plane stress continuum 
structures with displacement constraints. By means of systematically removing elements that have less contribution 
to the stiffness from the discritized concrete member, the actual load paths within the member are gradually 
characterized by the remaining elements. The optimal topology of the strut-and-tie model is determined from the 
performance index history based on the optimization criterion of minimizing the weight of the structure while the 
constrained displacement is within an acceptable limit. Two examples are provided to illustrate the effectiveness of 
the present procedure in automatically finding the actual load paths in a reinforced concrete deep beam with web 
openings and a corbel. It is demonstrated that the ESO method and the performance index are capable in generating 
reliable optimal strut-and-tie models that are supported by analytical solutions and experimental evidence, and can 
be used in practice especially in the design of complex structures where no previous experience is available.  
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1.      Introduction 
 
The Strut-and-tie model provides a clear understanding the behavior of reinforced concrete members. The 
performance of reinforced concrete structures designed using strut-and-tie models would be improved (Schlaich et 
al. 1987). The structural idealization of a reinforced concrete member is to find a truss model that represents the 
actual load paths within the member for the given loading and support conditions. The strut-and-tie model is used to 
determine the internal forces in the compressive concrete struts and in the tensile reinforcements (Marti 1985). The 
actual load carried by the strut-and-tie model is treated as a lower bound ultimate load for the reinforced concrete 
member based on the lower bound plasticity theory. The consistent design approach suggested by Schlaich et al. 
(1987) allows any part of a reinforced concrete structure to be designed using the strut-and-tie model. Based on this 
approach, developing the correct strut-and-tie model within the structural member is an important task for the 
structural designer.  
 
The conventional methods such as the load path method (Marti 1985; Schlaich et al. 1987) have been used to 
develop strut-and-tie models in reinforced concrete members. However, it is difficult to determine optimal strut-and-
tie models in structures with complex loading and geometry conditions using conventional methods. The truss 
topology optimization based on the ground structure approach has been attempted by Kumar (1978) and by Biondini 
et al. (1998) to find the actual load paths in non-flexural reinforced concrete members. The continuum concrete 
member is modelled by a ground structure that consists of many truss members. The truss optimization problem is 
solved using the linear programming technique. The optimal truss model is the one that has the minimum strain 
energy. However, the optimal topology of the truss is significantly affected by the ground structure grid (Dorn et al. 
1964). The actual stress field of a continuum concrete member may not be adequately represented by the chosen 
ground structure (Biondini et al. 1998). 
 
The Evolutionary Structural Optimization (ESO) method developed by Xie and Steven (1993, 1996, 1997) and by 
Chu et al. (1996) can be used to optimize continuum structures.  The ESO method is formulated based on the simple 
concept of systematically removing inefficient materials from the structure so that the quality of the resulting 
structure is gradually improved. The inefficient materials are identified by the sensitivity numbers. The performance 
of optimal topologies and shapes is evaluated by the performance indices developed by Liang et al. (1998a,1998b, 
1998c). The optimal topology of a continuum structure generated by the ESO method is usually a truss-type 
structure, so that this method is appropriate for finding optimal strut-and-tie models in reinforced concrete members. 
 
This paper presents the topology optimization of strut-and-tie models in non-flexural reinforced concrete members 
using the ESO procedure for structures with displacement constraints. The basic features of the ESO method such as 
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the sensitivity numbers, the performance index and the proposed optimization procedure are outlined. Examples are 
provided to demonstrate the capability of the proposed design method in automatically finding the actual load paths 
in a reinforced concrete deep beam with web openings and a corbel jointed with a column. The optimal strut-and-tie 
models obtained by the present study are compared with the experimental observations.  
 
 
2.       Evolutionary optimization of strut-and-tie models 
 
2.1     Sensitivity number 
The topology optimization problem of a continuum structure can be stated as follows: 
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                                                                      (1) 
subject to       0* ≤− jj uu             j=1,...,m                                         (2) 
 
where W is the total weight of the structure, we
 
is the weight of the eth element, te
 
is the thickness of the eth element 
that is treated as the design variables, ju is the magnitude of the jth displacement component, u j* is the prescribed 
limit of the jth displacement, m is the total number of displacement constraints and n is the total number of elements 
within the structure.  
 
It is known that some part of materials in a reinforced concrete member is inefficient in carrying loads. For structures 
subject to displacement constraints, the inefficient materials to be removed are those that have a minimum effect on 
the changes in the constrained displacements. The effect of element removal on the constrained displacements can be 
determined by the element sensitivity numbers, which are calculated from the results of the finite element analysis. 
The equilibrium equation for a static structure is given as 
 
[ ]{ } { }K u P=                                                                            (3) 
 
in which [K] is the global stiffness matrix, {u} is the nodal displacement vector and {P} is the nodal load vector. 
When the eth element is deleted from a structure, the change of displacement vector due to element removal can be 
obtained from Eq. (3) as  
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where [ ]ke  is the stiffness matrix of the eth element. A unit load is applied to the jth displacement component to 
determine the change of the constrained displacement u j  due to an element removal. The change of the constrained 
displacement is obtained as  
 
∆u F K k u u k uj j T e ej T e e= =−{ } [ ] [ ]{ } { } [ ]{ }1                                                  (5) 
 
where { }u
ej
T
 is the nodal displacement vector of the eth element for the unit load and {ue} is the displacement vector 
of the eth element under the applied loads. Eq. (5) indicates the change in the constrained displacement due to 
element removal, and can be used as a measure of the element efficiency. Therefore, the sensitivity number for the 
eth element subject to a displacement constraint given by Chu et al. (1996) is defined by  
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When a structure is subjected to multiple displacement constraints, the weighted average approach can be employed 
to determine the sensitivity numbers for element removal. The sensitivity number for the eth element for multiple 
displacement constraints is expressed by 
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where the weighting parameterλj is defined as */ jj uu . 
 
Elements that have the lowest sensitivity numbers have little contribution to the stiffness of the structure and can be 
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removed from the structure to achieve a more efficient design. Since concrete permits only limited plastic 
deformation, the strut-and-tie model with the maximum stiffness or minimum deflections is the best while its weight 
is the minimum (Schlaich et al. 1987; Kumar 1978; Biondini et al. 1998). Therefore, the ESO method for plane 
stress continuum structures subject to displacement constraints is appropriate for the topology optimization of strut-
and-tie models in non-flexural reinforced concrete members. 
 
2.2     Performance index 
When inefficient materials are removed from the structure in the optimization process, the performance of the 
resulting topology at each iteration can be measured by the performance index, which is derived by using the scaling 
design approach. As known that the stiffness matrix of a linear elastic plane stress continuum structure is a linear 
function of the element thickness which is also treated as the design variable. To obtain the best topology of a 
structure with the minimum weight, the design variable can be scaled at each iteration in the optimization process so 
that the critical constrained displacement always reaches the prescribed limit (Kirsch 1982; Liang et al. 1998b). By 
scaling the initial design domain with a factor of *0 / jj uu , the scaled weight of the initial design domain is 
represented by 
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where W0  is the actual weight of the initial design domain and ju 0  is the magnitude of the jth nodal displacement in 
the initial design under the applied loads. Similarly, the scaled weight of the current design at the ith iteration is 
expressed by 
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where iju  is the jth constrained displacement in the current design at the ith iteration under applied loads and iW  is 
the actual weight of the current design at the ith iteration. 
 
The performance index is defined by 
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If the material density is uniformly distributed within the structure, the performance index can be written using the 
volumes in the form 
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in which  V0  is the volume of the initial design domain and  Vi is the volume of the current design at the ith iteration. 
 
It is seen from Eq. (11) that the performance index is a dimensionless number that characterizes the material 
efficiency in resisting deflection and failure of a plane stress structure. It depends on the topology but not on the 
scale of the structure and is calculated by the volume and the most critical constrained displacement at each iteration. 
The performance index is reversely proportional to the volume of the current design. Hence, minimizing the weight 
of a structure with displacement constraints can be achieved by maximizing the performance index in the 
optimization process. For the initial design, the performance index is equal to unity. The efficiency of a topology is 
gained by removing inefficient materials from the structure. This performance index can be used to monitor the 
optimization process from which the optimal topology that corresponds to the maximum performance index can be 
identified. It needs to be pointed out that changing the element thickness does not affect the topology of the structure 
and the performance index, but significantly affects the weight of the structure and the constrained displacements. 
Therefore, the thickness of elements in the model is not changed in the finite element analysis at each iteration, but it 
can be changed in sizing the obtained optimal topology to satisfy the actual displacement limit. The displacement 
limit is usually set to a large value in the optimization in order to find the optimum. 
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2.3     Evolutionary optimization procedure 
In the evolutionary topology optimization, only a small number of elements are removed from the structure at each 
iteration in order to obtain a smooth solution. The Element Removal Ratio (ERR) at each iteration is defined as the 
ratio of the number of elements to be removed to the total number of elements in the initial design. The optimization 
procedure is given as follows: 
 
          Step 1: Model the concrete member with a fine mesh of finite elements; 
          Step 2: Analyze the structure for the applied loads and unit loads;  
          Step 3: Calculate the performance index using Eq. (11); 
          Step 4: Calculate the sensitivity number for each element using Eq. (6) or Eq. (7); 
          Step 5: Remove elements with the lowest sensitivity numbers; 
          Step 6: Repeat Step 2 to 5 until the performance index is less than unity. 
 
The performance index is used to monitor the optimization history and as the stopping criterion in the iterative 
optimization process. The performance index will gradually increase by eliminating a small number of elements 
having the lowest sensitivity numbers from the structures at each iteration. After reaching the maximum value, the 
performance index will decrease and consequently be less than unity if the element removal is continued. 
 
3.       Examples 
 
3.1     Example 1: deep beam with web openings 
Figure 1 shows a simply supported deep beam (L/D=1.5) with two web openings based on the test specimen (O-
O.3/3) conducted by Kong and Sharp (1977). Two concentrated loads of 1P =140 kN are applied to the top of the 
deep beam. The Young’s modulus E =30088 MPa, Poisson’s ratio v=0.15 and the width of the beam b=100 mm are 
adopted in the analysis. The ESO procedure is used to determine the actual load paths within this beam and the result 
is compared with experimental evidence. The concrete beam is modeled using 1458 square four-node plane stress 
finite elements. The displacement constraints of the same limit are imposed on the two loaded points. The element 
removal ratio at each iteration ERR=1% is used in the optimization process. 
 
The performance index history of the deep beam with web openings in the optimization process is illustrated in Fig. 
2. It is seen that by slowly removing elements with less contribution to the structure stiffness from the design, the 
performance index is gradually increased from unity to the maximum value of 1.58. This means that the scaled 
weight of the initial deep beam is 1.58 times the scaled weight of the optimal topology. The remaining elements 
represent the optimal topology of the strut-and-tie model within the deep beam under the applied loads.  The 
evolutionary optimization history is shown in Fig. 3(a) to (c). It is seen from these figures that the actual load paths 
within the concrete deep beam gradually evolves towards the optimum.  
 
The loads are usually transmitted by the natural load paths jointing the loading and reaction points. If the opening 
intercepts the natural load path, the load is to be re-routed around the opening. In the optimal topology obtained by 
the present study as shown in Fig. 3(d), the loads are transmitted to the supports by the upper and lower compressive 
struts around the opening. Experimental observation (Kong and Sharp 1973, 1977) showed that cracks were formed 
at the upper and lower corners of the opening which were being opened by the applied loads. It is clear that tensile 
stresses are developed across these corners. Therefore, the presence of the two inclined tensile ties jointing the upper 
and lower struts around the opening in the optimal truss model shown in Fig. 3(d) agrees well with the experimental 
evidence. The inclined web reinforcement is most efficient in controlling the cracks at the corners of the openings 
and improves the ultimate load capacity. The optimal strut-and-tie model obtained by the present study is different 
from the structural idealization given by Kong and Sharp (1977) in two aspects. The first is that no compressive strut 
is developed between the two lower load paths. The second is that the tensile tie does not develop between the two 
openings. This can be seen from the optimization history of the strut-and-tie model as presented in Fig. 3.  
 
3.2     Example 2: corbel 
The boundary conditions have a considerable effect on the load paths within corbels. Different boundary conditions 
result in different strut-and-tie models and consequently different reinforcement arrangements in the corbels 
(Schlaich et al. 1987).  In this example, the column that joints with the corbel is also considered in one model. Fig. 4 
shows a whole structure of the column and corbel which is designed to support a point load of 500 kN. The column 
is fixed at both ends. The Young’s modulus E =28567 MPa, Poisson’s ratio v=0.15 and the width of the column and 
corbel b=300 mm are assumed. This structure is discritized into 2832 square four-node plane stress elements. In 
order to find the best strut-and-tie model that has a less deflection under the applied load, a displacement constraint 
is imposed on the loaded point. The displacement limit is set to a large value in the optimization to find the optimal 
topology, which can then be sized to satisfy the actual displacement limit according to codes of practice. The 
element removal ratio ERR=1% is used in the optimization process. 
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Fig. 1. Design domain of the deep beam with web openings         Fig. 2. Performance index history of the deep beam 
                                                                                                                   with web openings.  
 
 
(a) Topology at iteration 20                                             (b) Topology at iteration 40 
 
                                (c) Optimal topology                                               (d) Optimal strut-and-tie model  
 
Fig. 3. Optimization of strut-and-tie model in RC deep beam with web openings: ---compression,      tension         
 
 
The performance index history of the corbel is shown in Fig. 5, which indicates the structural efficiency of the whole 
structure is gradually improved by removing inefficient material from the structure. The maximum performance 
index is 1.34 that corresponds to the optimal topology of the strut-and-tie model shown in Fig. 6(d). It can be seen 
from Fig. 6 that the actual load paths within the whole structure are gradually manifested by the remaining elements. 
The applied load is transmitted to the whole range of the structure along the paths of struts and tensile ties. The 
optimal strut-and-tie model is quite complicated and is difficult to find if using the traditional method. This example 
indicates that the column and corbel should be treated as a whole structure in finding the strut-and-tie model. The 
optimal strut-and-tie model obtained by ESO method is supported by the analytical solution of the corbel jointed 
with a column given by Schlaich et al. (1987). The optimal truss model shown in Fig. 6(e) can be used to determine 
the internal forces in the truss and the reinforcement arrangements. In the detail design, the width of the column and 
corbel can be changed in order to satisfy the actual displacement limit and the strength of struts and nodes must be 
checked according to codes of practice.  
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Fig. 4. Design domain of the corbel jointed with column                 Fig. 5. Performance index history of the corbel 
 
  
         (a) Topology at iteration 20                 (b) Topology at iteration 40                     (c) Topology at iteration 60 
 
     
                                 (d) Optimal topology                                  (e) Optimal strut-and-tie model 
 
Fig. 6. Topology optimization of strut-and-tie model for the corbel jointed with a column: ---compression,     tension 
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4.      Conclusions 
 
The topology optimization of strut-and-tie models in non-flexural reinforced concrete members using the 
Evolutionary Structural Optimization (ESO) procedure has been presented in this paper. The basic features of the 
ESO approach have been described in terms of the sensitivity numbers that identify inefficient materials and the 
performance index, which monitors the optimization process and measures the material efficiency. It is shown that 
the proposed procedure can effectively generate optimal topologies of strut-and-tie models in non-flexural reinforced 
concrete members such as deep beams and corbels. By means of systematically removing inefficient materials from 
the concrete member, the strut-and-tie model within the member is gradually evolved towards an optimum. The 
results obtained by the ESO method are supported by analytical solutions and experimental observations. The 
proposed method is useful for automatically tracing the actual load paths in non-flexural reinforced concrete 
members with complex geometry and loading conditions and is a valuable tool for structural designers in selecting 
the best strut-and-tie models in the design and detailing of reinforced concrete structures. 
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